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SUMS OF THREE SQUARES IN Q(
√
3), AND IN Q(
√
17)
SHIGEAKI TSUYUMINE
Abstract. The numbers of representations of totally positive integers as sums
of three integer squares in Q(
√
3) and in Q(
√
17), are studied by using Shimura
lifting map of Hilbert modular forms. We show the following results. In case
of Q(
√
3), a totally positive integer a + b
√
3 is represented as a sum of three
integer squares if and only if b is even. In case of Q(
√
17), a totally positive
integer is represented as a sum of three integer squares if and only if it is not
in the form pi2e
2
pi′2e
′
2
µ with µ ≡ 7 (mod pi3
2
) or µ ≡ 7 (mod pi′3
2
) where pi2, pi′2
are prime elements with 2 = pi2pi′2. A similar result as Gauss’s three squares
theorem in both cases of Q(
√
3) and Q(
√
17), and as its application, tables of
class numbers of their totally imaginary extensions are given.
1. Introduction
H. Maass [3] showed that all totally positive integers in Q(
√
5) are expressed
as a sum of three integer squares in Q(
√
5) by giving the explicit formula for the
numbers r3,Q(
√
3)(α) of representations for totally positive integers α. The formula
involves class numbers of totally imaginary quadratic extensions Q(
√
5,
√−α) of
Q(
√
5). Since the numbers of representations are calculable, by using Maass’s
formula H. Cohn [1] gave a table of class numbers of totally imaginary quadratic
extensions of Q(
√
5). In our previous paper [8] we showed, by using Shimura lifting
map, that any totally positive integer a+ b
√
2 (a, b ∈ Z) in Q(√2) is expressed as
a sum of three integer squares if and only if b is even. Further we gave the formula
for the number r3,Q(
√
2)(a + b
√
2) representing a + b
√
2 as sums of three integer
squares which involves the class number of a totally imaginary quadratic extension
Q(
√
2,
√
−a− b√2) of Q(√2).
In the present paper we are concerned with the fields Q(
√
3) and Q(
√
17). By
using Shimura lifting map of Hilbert modular forms again, we give the following
results. A totally positive integer a+ b
√
3 ∈ Q(√3) is expressed as a sum of three
integer squares if and only if b is even. The formula for r3,Q(
√
3)(αν
2) with totally
positive square-free α and with products ν of totally positive prime elements is
obtained, which gives as its application, a table of class numbers of totally imaginary
quadratic extensions of Q(
√
3). As for Q(
√
17), let π2 :=
5+
√
17
2 , π
′
2 :=
5−√17
2 . A
totally positive integer is expressed as a sum of three integer squares if and only
if it is not in the form π2e2 π
′2e′
2 µ with nonnegative integers e, e
′ and with µ ≡ 7
(mod π32) or µ ≡ 7 (mod π′32 ). The formula for r3,Q(√17) is obtained as well as a
table of class numbers of totally imaginary quadratic extensions of Q(
√
17).
To see how the Shimura lifting map works, we illustrate the case of rational
integers (see [5, 6, 7]). Let H be the upper half plane {z ∈ C | ℑz > 0}, and let
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e(z) := exp(2π
√−1z). For a discriminant D of a quadratic field, χD denotes the
Kronecker-Jacobi-Legendre symbol. If a is a square-free natural number, then a∗
denotes a or 4a according as a ≡ 1 (mod 4) or not. For N ∈ N, (Z/N)∗ denotes
the group of Dirichlet characters modulo N with 1N as the identity element. Let
Mk+1/2(N,χ) be the space of holomorphic modular forms for Γ0(N) of weight
k + 1/2 with character χ ∈ (Z/N)∗ (4|N). Then there is a Shimura lifting map
Sa∗,χ of Mk+1/2(N,χ) to M2k(N/2, χ
2) for each square-free a ≥ 1 and for k ≥ 1,
such as
Sa∗,χ(f) = Cf,a +
∑
1≤n
∑
0<d|n
(χa∗χ)(d)d
k−1can2/d2e(nz)(1)
with f(z) =
∑
0≤n cne(nz), where Cf,a is a constant for which the left hand side
of (1) is a modular form. Let θ(z) is a theta series, namely θ(z) =
∑∞
n=−∞ e(n
2z).
If f is a product of θ(z) and an Eisenstein series G(z) of weight k, then Cf,a is
obtained as the constant term of a Hilbert-Eisenstein series over a field Q(
√
a)
where the Hilbert-Eisenstein series is determined only by G(z).
Let r3,Q(n) denote the numbers of representations of n as sums of three rational
integral squares. The generating function
∑
0≤n r3,Q(n)e(nz) of r3,Q(n) is θ(z)
3 ∈
M3/2(4, χ−4). Let n = am2 with square-free a > 0. Since θ(z)2 is expressed as an
Eisenstein series, θ(z)3 is a product of θ(z) an the Eisenstein series. The constant
term of Sa∗,χ(θ(z)
3) is obtained from the constant term of an associated Hilbert-
Eisenstein series which involves the class number of Q(
√−a). Since M2(2,12) is
one dimensional, it is spanned by an Eisenstein series of weight 2, and by comparing
the Fourier coefficients of Sa∗,χ(θ(z)
3) and those of the Eisenstein series, we obtain
the formula for r3,Q(n) ([5]). In particular Gauss’s three squares theorem is derived
from the formula, that is r3,Q(a) = 2
23hQ(
√−a) for square-free a ≡ 1, 2 (mod 4),
and r3,Q(a) = 2
33hQ(
√−a) for square-free a ≡ 3 (mod 8), hQ(√−a) being the class
number of Q(
√−a). The one of purposes of the present paper is to obtain such a
kind of formulas on Q(
√
3) or on Q(
√
17) instead of Q.
Our paper [8] gives only a partial result on Shimura lifts of noncuspidal Hilbert
modular forms over a totally real fieldK, however it is shown that products of theta
series and Hilbert-Eisenstein series over K have Shimura lifts whose constant terms
are obtained from Hilbert-Eisenstein series over totally real quadratic extensions
of K. So there is a way that a similar argument as in the elliptic modular forms
can be made for Hilbert modular forms. In the present paper we carry out this
for Q(
√
3) and Q(
√
17). However while the space M2(2,12) contains no nontrivial
cusp forms in the elliptic modular case as well as the cases of Q(
√
5) and Q(
√
2),
there is a non-trivial cusp form of weight 2 in each case of Q(
√
3) or Q(
√
17), and
a closer study of Fourier coefficients of Hilbert modular forms is necessary.
2. Notations and some preceding results
Let K be a totally real algebraic number field of degree g over Q. We denote by
OK , dK and dK , ring of algebraic integers, the different of K and the discriminant
respectively. For α ∈ K, α(1), · · · , α(g) denotes the conjugates of α in a fixed order.
If α(i) is positive for every i, then we call α totally positive, and denote it by α ≻ 0.
For an integral ideal N, let EN denotes the group of totally positive units congruent
to 1 modulo N, and so EOK denotes the group of all totally positive units, while O×K
denotes the group of all units. We denote by N and tr, the norm map and the trace
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map of K over Q respectively, namely N(α) =
∏g
i=1 α
(i) and tr(α) =
∑g
i=1 α
(i).
An integral ideal is called odd or even according as it is coprime to the ideal (2)
or not. An integer α in OK is called odd or even according as the ideal (α) is
odd or even. If P is a prime ideal, then vP denotes the P-adic valuation. Let
µK denote the Mo¨bius function on K, and let ϕK denote the Euler function on
K, that is, ϕK(N) = N(N)
∏
P|N(1 −N(P)−1) for an integral ideal N. We denote
by CN, the fractional ideal class group modulo N in the narrow sense where ideals
have denominators coprime to N, and denote by C∗N, the group of characters of
CN. An element of C
∗
N is called a (classical) Hecke character. The identity element
of C∗N is denoted by 1N, for which 1N(A) is 1 or 0 according as a numerator of
an ideal A is coprime to N or not. If N is principal with a generator ν, then
we denote 1N also by 1ν . For a = (a1, · · · , ag) ∈ {0, 1}g, we define sgna(α) by
setting sgna(α) := sgn(α(1))a1 · · · sgn(α(g))ag for α ∈ K, 6= 0 where sgna(0) := 1.
For ψ ∈ C∗N, let eψ = (e1, · · · , en) ∈ {0, 1}g be so that ψ(µ) = sgneψ (µ) for
µ ≡ 1 mod N, µ 6= 0. The character ψ is called even if eψ = (0, · · · , 0), and it is
called odd if eψ = (1, · · · , 1).
For a Hecke character ψ, we denote by fψ, the conductor of ψ, and put eψ :=
fψ
∏
ψ(P)=0,P∤fψ
P. The primitive character associated with ψ is denoted by ψ˜. For
an integral ideal N, we define ψN to be ψ˜1N. For an integer α ∈ K not square, we
denote by fα or dK(
√
α)/K , the relative discriminant of K(
√
α) over K, and denote
by ψα ∈ C∗fα , the character associated with the extension, where ψ(P) is 1,−1 or
0 according as the prime P of K is split at K(
√
α), inert or ramified.
We need some more general character than a Hecke character. For the purpose
it is convenient to use the idelic language. For a prime P of K, let KP,OP,O×P be
the P-adic completion of K, the maximal local ring and the group of its units.
For an integral ideal N of K, let J(N) denote the group consisting of ideles
whose P-th components are in OP for P|N. Put UK :=
∏
PO×P × (R+)g with
R+ = {x ∈ R | x > 0}. Let K×(N) := K ∩ J(N), namely K×(N) is the group of
elements in K× whose denominators and numerators are both coprime to N. Let
K×N denote the subgroup of K
×(N) consisting of totally positive elements multi-
plicatively congruent to 1 modulo N. A homomorphism of the finite idele to CN
by sending j = (jP) to an ideal class containing fractional ideal
∏
P P
vP(jp) gives
the natural isomorphism between J(N)/(K×NUK) and CN, and we identify them.
Let UN be the subgroup of UK consisting of ideles whose P-th components are
in 1 + PvP(N)OP. The factor group UK/UN is isomorphic to (OK/N)×. We fix
local parameters ̟P of OP for P, which give the isomorphism of UK/UN onto
(OK/N)×. Let (OK/N)∗ denote the group of characters of (OK/N)×. For φ ∈ C∗N
and for ω ∈ (OK/N)∗ we define
ψ(ξ · A) = ω(ξ
∏
P|N
̟
vP(A)
P )φ((ξ)A)
for ξ ∈ K× and for an ideal A where a denominator of ξA is coprime to N. We
define ψ(ξ ·A) = 0 if a numerator of ξA is not coprime to N. Obviously there holds
an equality ψ(ξ ·A)ψ(ξ′ ·A′) = ψ(ξξ′ ·AA′). This ψ is a character of J(N)/(K×NUN).
Since J(N)/(K×NUN) ≃ (UK/UN)××J(N)/(K×NUK) ≃ (OK/UN)××CN as groups,
the group (J(N)/(K×NUN))
∗ of characters is isomorphic to (OK/UN)∗ × C∗N. We
put ψ(ξ) := ψ(ξ · OK) = ω(ξ)φ((ξ)) for ξ ∈ K×(N), and ψ(A) := ψ(1 · A) for
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an ideal A. Also for ψ ∈ (OK/UN)∗ × C∗N, eψ is defined as in the case of Hecke
characters, however the equality eψ = eφ holds since ω(ξ) = 1 for ξ with ξ ≡ 1
(mod N). We call ψ primitive if there is no integral ideal M so that ψ = ψ′1N with
a character ψ′ of J(M)/(K×MUM). In such a case we denote N by fψ , and call it
the conductor of ψ, and put eψ := fψ
∏
ψ(P)=0,P∤fψ
P. For ψ primitive, we define
the Gauss sum by
τK(ψ) := ψ(µ · fψdK)
∑
ξ∈OK (mod fψ)
ξ≻0
ψ(ξ)e(tr(µξ))(2)
with µ ∈ K, ≻ 0, (µfψdK , fψ) = OK , where τK(ψ) is determined up the choices of
µ. The standard argument shows that |τK(ψ)| = N(fψ)1/2, and that τK(ψ)τK(ψ) =
sgneψ (−1)ψ(−1)N(fψ). When ω is trivial, τK(ψ) of (2) coincides with the Gauss
sum of a Hecke character.
Let N,N′ be integral ideals. Let ψ = ωφ ∈ (OK/N)∗ × C∗N, ψ′ = ω′φ′ ∈
(OK/N′)∗ × C∗N′ so that ψψ
′
is an even or odd Hecke character in C∗NN′ , namely
eψψ′ = (0, · · · , 0) or (1, · · · , 1), and ω(ξ) = ω′(ξ) for ξ ∈ K×((N,N′)).(3)
For a fractional ideal M and for a totally positive ν ∈ K, we define
σψ
′
k−1,ψ(ν;M) :=
∑
νM⊂A⊂OK
ψ(A)ψ′(ν ·MA−1)N(A)k−1,(4)
where it is 0 if νM is not integral. We also define σψ
′
k−1,ψ(ν;M) to be 0 if ν is not to-
tally positive. By a condition (3), the summation (4) is equal to ω′(ν
∏
P|N′ ̟
−vP(ν)
P )∑
νM⊂A⊂OK φ(A)φ
′(νMA−1)N(A)k−1. If M = OK , then we denote σψ
′
k−1,ψ(ν;M)
simply by σψ
′
k−1,ψ(ν), and further if K is of class number 1 and if both of ψ and ψ
′
are Hecke characters, namely, ω and ω′ are both trivial, then σψ
′
k−1,ψ(ν) is expressed
as
σψ
′
k−1,ψ(ν) =
∑
δ|ν,δ∈OK/O×K
ψ(δ)ψ′(ν/δ)N((δ))k−1 (ν ∈ OK ,≻ 0).(5)
We omit ψ from the notation σψ
′
k−1,ψ if N = OK and ψ = 1, and do similar as for
ψ′.
Let Hg be the product of g copies of the upper half plane H. For γ, δ in K
and for z = (z1, · · · , zg) ∈ Hg, N(γz + δ) and tr(γz) stand for
∏g
i=1(γ
(i)zi + δ
(i))
and
∑g
i=1 γ
(i)zi respectively. For a matrix A =
(
α β
γ δ
)
∈ SL2(K), we put Az =(
α(1)z1+β
(1)
γ(1)z1+δ(1)
, · · · , α(g)zg+β(g)
γ(g)zg+δ(g)
)
. We define
Γ0(D
−1,ND) := {
(
α β
γ δ
)
∈ SL2(K) | α, δ ∈ OK , β ∈ D−1, γ ∈ ND}
for a fractional ideal D and for an integral ideal N.
Let ψ ∈ (OK/N)∗×C∗N, ψ′ ∈ (OK/N′)∗×C∗N′ be as in (3), and let k be a natural
number with the same parity as eψψ′ . We assume that ψ or ψ
′ is nontrivial when
g = 1 and k = 2. Then we define an Eisenstein series by
Gψ
′
k,ψ(z;Ne
−1
ψ N
′e−1ψ′ ,D) := C + 2
g
∑
0≺ν∈D
σψ
′
k−1,ψ(ν;N
−1eψN′−1eψ′)e(tr(νz))(6)
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where C is a constant term given by (i) ψ
′
(Ne−1ψ fψD)LK(1 − k, ψψ
′
) if k > 1
and N′ = OK or if N ( OK and N′ = OK , (ii) ψ(N′e−1ψ′ fψ′D)LK(0, ψψ′) if k =
1,N = OK and N′ ( OK , (iii) ψ′(D)LK(0, ψψ′) + ψ(D)LK(0, ψψ′) if k = 1 and
N = N′ = OK , and (iv) 0 otherwise. The Eisenstein seriesGψ
′
k,ψ(z;Ne
−1
ψ N
′e−1ψ′ ,D) of
(6) is a Hilbert modular form for Γ0(D
−1d−1K ,NN
′DdK) of weight k with character
ψψ′, namely Gψ
′
k,ψ(z;Ne
−1
ψ N
′e−1ψ′ ,D) satisfies
Gψ
′
k,ψ(Az;Ne
−1
ψ N
′e−1ψ′ ,D) = (ψψ
′)(γ)N(γz + δ)kGψ
′
k,ψ(z;Ne
−1
ψ N
′e−1ψ′ ,D)
for A =
(
α β
γ δ
)
∈ Γ0(D−1d−1K ,NN′DdK) ([9]). We denote by
Mk(Γ0(D
−1d−1K ,NN
′DdK), ψψ′), the space of Hilbert modular forms of weight
k with character ψψ′. For f in the space, the value κ(α/γ, f) = κ(α, γ, f) of
f(z) at a cusp α/γ (α ∈ OK , γ ∈ DdK) is defined by κ(α/γ, f) = κ(α, γ, f) :=
limz→√−1∞N(γz + δ)
−kf(Bz) where B = ( α ∗γ δ ) ∈ SL2(K). The subspace of
Mk(Γ0(D
−1d−1K ,NN
′DdK), ψψ′) consisting of cusps forms is denoted by
Sk(Γ0(D
−1d−1K ,NN
′DdK), ψψ′), where ψψ′ is omitted if ψψ′ = 1NN′ .
The values of Eisenstein series (6) at cusps are computed in [9]. We can take α, γ
so thatB := (α, γD−1d−1K ) is coprime toNN
′. The value κ(α, γ,Gψ
′
k,ψ(z;Ne
−1
ψ N
′e−1ψ′ ,D))
at the cusp α/γ is 0 if there are not integral ideals Mγ ,M
′
γ with Mγ |N, (Mγ , fψ) =
OK , M′γ |N′e−1ψ′ and with (γD−1d−1K ,NM−1γ N′) = NM−1γ N′e−1ψ′ M′−1γ . Suppose oth-
erwise, and let Mγ be the largest such ideal. Then the value is given by
sgneψ (α)sgneψ′ (−γ)µK((eψf−1ψ ,MγN′))ψ˜(α ·B−1MγM′γ(eψf−1ψ ,MγN′)−1)
(7)
× ψ′(−γ ·D−1d−1K B−1N−1Mγeψf−1ψ (eψf−1ψ ,MγN′)−1N′−1eψ′M′γ)N(B)k
×N(M−1γ (eψf−1ψ ,MγN′)fψf−1ψψ′)
k−1N(M′γ)
−kN(fψf−1ψψ′)τK(ψ˜)
−1τK(ψ˜ψ′)N(M−1γ )
× LK(1− k, ψ˜ψ′)
∏
P|Mγ
(1−N(P))
∏
P|eψ′ ,P∤fψψ′
(1− ψ˜ψ′(P)N(P)−k)
×
∏
P|eψf−1ψ ,P∤MγN′
(1− ψ˜ψ′(P)N(P)k−1)
where if γ = 0, then the value is non-zero only when N′ = OK and it is given by
replacing γ in (7) by N(N), and where if α = 0, the value is non-zero only when
fψ = OK and it is given by replacing α in (7) by 1.
When k = 1, the values of the Eisenstein series at cusps may may have an addi-
tional term. Let Lγ := γD
−1d−1K N
−1eψN′−1eψ′ f−1ψ′ and L
′
γ := (γD
−1d−1K N
′−1,N−1)∩
e−1ψ′ fψ′ . If there is an integral divisor R of eψ′ f
−1
ψ′ so that the numerator of LγR
−1 is
coprime to N and the denominator is coprime to fψ′R, then there is the additional
term. Let R˜γ be the divisor of (N, eψ′ f
−1
ψ′ ) satisfying vP(LγR˜
−1
γ ) = 0 for any prime
divisor P of (N, eψ′ f
−1
ψ′ ). Then κ(α, γ,G
ψ′
k,ψ(z;Ne
−1
ψ N
′e−1ψ′ ,D)) has the additional
term
sgneψ (−γ)sgneψ′ (α)µK(R˜γ)ψ(−γ · γ−1((LγR˜−1γ ) ∩ OK))ψ˜′(α ·B−1)ψ˜′(R˜γ)
(8)
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× ψ′R˜γ ((LγR˜−1γ ,OK)−1)ψ(B)N(B)ϕK (R˜−1γ L′−1γ )N((Lγ , R˜γ)L′γ)N(fψ′ f−1ψψ′)τK(ψ˜′)
−1
× τK(ψ˜ψ′)LK(0, ψ˜ψ′)
∏
P|eψ,P∤fψψ′
(1− ψ˜ψ′(P)N(P)−1)
∏
P|eψ′ f−1ψ′ L′γ
(1 − ψ˜ψ′(P))
where if γ = 0, then the value is non-zero only when N = OK and it is given by
replacing γ in (8) by N(N′), and where if α = 0, the value is non-zero only when
fψ′ = OK and it is given by replacing α in (8) by 1.
Let θ(z) =
∑
µ∈OK e(tr(µ
2z)) be a theta series. It is a modular form of weight 1/2
for Γ0(d
−1
K , 4dK). Let j be its factor of automorphy, namely, θ(Az) = j(A, z)θ(z) for
A ∈ Γ0(d−1K , 4dK). Suppose that 4|N. Let ψ0 ∈ C∗N and let k be a natural number
with same parity as ψ0. We denote by Mk+1/2(Γ0(d
−1
K ,NdK), ψ0), the space of
modular forms with ψ0(γ)j(A, z)N(γz + δ)
k (A =
(
α β
γ δ
)
∈ Γ0(d−1K ,NdK)) as a
factor of automorphy. Assume that the class number of K is 1 in the wide sense.
Let α be a totally positive square-free integer in K. Then the Shimura lifting map
Sα,ψ0 associated with α should be a linear map of Mk+1/2(Γ0(d
−1
K ,NdK), ψ0) to
M2k(Γ0(d
−1
K , 2
−1NdK), ψ20) satisfying
Sα,ψ0(f) = Cf,α +
∑
ν∈OK ,≻0
∑
δ|ν,δ∈OK/O×K
(ψαψ0)(δ)N((δ))
k−1cαν2δ−2e(tr(νz))(9)
with f(z) = c0 +
∑
ν∈OK ,≻0 cνe(tr(νz)) ∈Mk+1/2(Γ0(d−1K ,NdK), ψ0) where Cf,α is
a constant for which the left hand side of (9) is a Hilbert modular form. As for
a space of Hilbert cusp forms, Shimura [4] established such lifting map. However
the existence of the map for non-cuspidal Hilbert modular forms is not yet proved
unconditionally. We show in [8], for example that if k ≥ 2 and 16|N, then there
is a map Sα,ψ0 of Mk+1/2(Γ0(d
−1
K ,NdK), ψ0), and further that there is a map of
the subspace of Mk+1/2(Γ0(d
−1
K ,NdK), ψ0) with 4|mathfrakN , generated by the
products of the theta series and Eisenstein series (6) with ψ0 = ψψ
′ for even or odd
Hecke characters ψ, ψ′. The latter assertion can be slightly generalized to ψ, ψ′ as
in (3) because the key proposition (Proposition 6.5 in [8]) holds for such characters,
where the proof is made by word-to-word translation of the original proof.
Let f(z) = c0 +
∑
ν∈OK ,≻0 cνe(tr(νz)) ∈ Mk(Γ0(d−1K ,NdK), ψ0), and let µ ∈
OK ,≻ 0 be so that µeψ0 |N and µ2|N. Then we define
(U(µ)f)(z) := c0 +
∑
ν∈OK ,≻0
cµνe(tr(νz)),
which is in Mk(Γ0(d
−1
K , µ
−1NdK), ψ0).
3. Hilbert modular forms on Q(
√
3)
Let K = Q(
√
3). Then dK = (2
√
3), and the class number of K in the wide
sense is 1. Let ε0 := 2 +
√
3 be a fundamental unit, which has a positive norm.
Put π2 := 1 +
√
3 and p2 = (π2). Then the ideal (2) is decomposed as (2) = p
2
2.
Let χK−4 := χ−4 ◦ N ∈ C∗p2 . For µ ∈ OK , χK−4(µ) = sgn(N(µ)) for π2 ∤ µ, and
χK−4(µ) = 0 for π2|µ. The Hecke character χK−4 is odd. The conductor fχK−4 of χK−4
is OK , and χ˜K−4(µ) = sgn(N(µ)), in particular χ˜K−4(p2) = sgn(N(π2)) = −1. We
have τK(χ˜
K
−4) = χ˜
K
−4(2
√
3) = −1. Let ρ2 be the unique nontrivial character of
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(OK/p22)×, where ρ2(a+ b
√
3) = (−1)b (a, b ∈ Z) for (a+ b√3, π2) = 1. This ρ2 is
not an ideal class character. Taking π2 as ̟p2 in Section 2, put ψ := ρ2χ
K
−4, ψ
′ :=
ρ21p2 ∈ (OK/p22)∗ × C∗p22 where we regard χ
K
−4 and 1p2 as elements of C
∗
p22
. Then
ψ and ψ′ satisfy the condition (3), and ψψ′ is equal to a Hecke character χK−4, and
fψ = fψ′ = 2, τK(ψ) = 2, τK(ψ
′) = −2.
The square θ(z)2 of the theta series is a Hilbert modular form for Γ0(d
−1
K , 4dK)
of weight 1 with character χK−4. We take as a set C0(4) of representatives of cusps
of Γ0(d
−1
K , 4dK),
C0(4) = { 18√3 ,
1
4pi2
√
3
, 1
4
√
3
, ε0
4
√
3
, 1
2pi2
√
3
, 1
2
√
3
},
and as a set C0(2) of representatives of cusps of Γ0(d−1K , 2dK),
C0(2) = { 14√3 ,
1
2pi2
√
3
, 1
2
√
3
}.
Transformation formulas for theta series (see for example [8], Sect.3) give the values
of θ(z)2 at cusps as in Table 1.
Table 1. Values of θ(z)2 at cusps.
C0(4) 18√3
1
4pi2
√
3
1
4
√
3
ε0
4
√
3
1
2pi2
√
3
1
2
√
3
θ(z)2 1 0 1 0 0 2−2
We express θ(z)2 as a linear combination of Eisenstein series of weight 1.
By (7) and (8), and by equations LK(0, χ
K
−4) = 3
−1 and LK(0, χ˜K−4) = 2
−13−1,
the values at cusps of Eisenstein series G1,χK−4(z;OK ,OK), G
1p2
1,χK−4
(z;OK ,OK),
G
1p2
1,χK−4
(z; (2),OK), Gψ
′
1,ψ(z;OK ,OK) are obtained as in Table 2, where these Eisen-
stein series are modular forms for Γ0(d
−1
K , 4dK) of weight 1 with character χ
K
−4.
Table 2. Values at cusps, of Eisenstein series of weight 1.
C0(2) 18√3
1
4pi2
√
3
1
4
√
3
ε0
4
√
3
1
2pi2
√
3
1
2
√
3
G1,χK−4(z;OK ,OK) 3−1 3−1 3−1 3−1 3−1 3−1
G
1p2
1,χK−4
(z;OK ,OK) 0 0 0 0 2−1 2−2
G
1p2
1,χK−4
(z; (2),OK) 0 2−1 2−2 2−2 −2−3 2−4
Gψ
′
1,ψ(z;OK ,OK) 0 0 1 −1 0 0
The product of the second and fourth Eisenstein series of Table 2 is a cusp
form for Γ0(d
−1
K , 4dK) of weight 2 since it vanishes at all the cusps. The Fourier
expansions of it and of its U(2)-image are as follows;
2−4G1p2
1,χK−4
(z;OK ,OK)Gψ
′
1,ψ(z;OK ,OK)(10)
=e(tr(2z))− e(tr((4−2
√
3)z))− e(tr((4+2
√
3)z)) − 3e(tr(6z))
+ 2e(tr((8−2
√
3)z)) + 2e(tr((8+2
√
3)z)) + · · · ,
Ξ(z) := U(2)(2−4G
1p2
1,χK−4
(z;OK ,OK)Gψ
′
1,ψ(z;OK ,OK))(11)
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=e(tr(z))− e(tr((2−
√
3)z)) − e(tr((2+
√
3)z)) − 3e(tr(3z))
+ 2e(tr((4−
√
3)z)) + 2e(tr((4+
√
3)z)) + · · · ,
where Ξ(z) is in S2(Γ(d
−1
K , 2dK)).
Lemma 3.1. The following equality holds;
θ(z)2 =3G1,χK−4(z;OK ,OK)− 2
−15G1p2
1,χK−4
(z;OK ,OK)(12)
− 2G1p2
1,χK−4
(z; (2),OK) + 2−1Gψ
′
1,ψ(z;OK ,OK).
Proof. Let Γ(d−1K , dK)[2] := {
(
α β
γ δ
)
∈ SL2(K) | α ≡ δ ≡ 1 (mod 2), β ∈ 2d−1K , γ ∈
2dK}, which is called a congruence subgroup of level 2. Then Γ(d−1K , dK)[2] acts
freely on H2. The arithmetic genus of a compactified nonsingular model of
Γ(d−1K , dK)[2]\H2 is determined by the volume and by the contribution from cusp
singularities (van der Geer [2] Chap. II∼IV), and it is computed to be 4+1/12 (4+4+
4+4+4+4) = 6. Hence dimS2(Γ(d
−1
K , dK)[2]) = 5 where S2(Γ(d
−1
K , dK)[2]) denotes
the space of cusp forms for Γ(d−1K , dK)[2] of weight 2. Since (
2 0
0 1 )
−1
Γ(d−1K , dK)[2] (
2 0
0 1 )
is a subgroup of Γ(d−1K , 4dK) of index 2, the dimension of the space of cusp forms
for Γ(d−1K , 4dK) of weight 2 is at most 5.
Let f(z) is a Hilbert modular form given as the left hand side minus the right hand
side of the equation (12). Then it is a cusp form from Table 1 and Table 2. It is easy
to check that the Fourier coefficients of f are 0 at least for ν = 1, 2, 2±√3. We show
that f = 0. Suppose that f 6= 0. Then f(z)G1,χK−4 (z;OK ,OK), f(z)G
1p2
1,χK−4
(z;OK ,OK),
f(z)G
1p2
1,χK−4
(z; (2),OK)), f(z)Gψ
′
1,ψ(z;OK ,OK), f(z)2 are linearly independent. The
first four Fourier coefficients of these cusp forms vanish. Then these cusp forms to-
gether with G
1p2
1,χK−4
(z;OK ,OK)Gψ
′
1,ψ(z;OK ,OK) and Ξ(z) are linearly independent
by the Fourier expansions (10) and (11). This contradicts to dimS2(Γ(d
−1
K , 4dK)) ≤
5. Hence f = 0. 
Comparing the Fourier coefficients of the both sides of (12), we obtain the fol-
lowing;
Corollary 3.2. Let r2,K(ν) denote the number representing ν as sums of two in-
teger squares in K. Let σψ
′
0,ψ be as in (5). Then
r2,K(ν) = 2{6σ0,χK−4(ν) + (ρ2(ν)− 5)σ
1p2
0,χK−4
(ν) − 4σ1p2
0,χK−4
(ν/2)} (ν ∈ OK ,≻ 0).
In other words, for ν = a+ b
√
3 ≻ 0, we have (i) r2,K(ν) = 0 if vp2(ν) = 0 and b
is odd, or if vp2(ν) is odd, and (ii) r2,K(ν) = 4σ0,χK−4(ν) if vp2(ν) = 0 and b is even,
or if vp2(ν) = 2, and (iii) r2,K(ν) = 12σ0,χK−4(ν) if 2|vp2(ν) ≥ 4.
The following corollary is for later use, which is rather technical.
Corollary 3.3. (i) Assume that ν is odd, and it is represented as a sum of two
integer squares. Then x1, x2 ∈ OK satisfying x21 + x22 = π22ν, are both even.
(ii) Assume that ν ≻ 0, vp2(ν) ≥ 4, and ν is represented as a sum of two integer
squares. Then there are x1, x2 ∈ p2 satisfying x21 + x22 = ν.
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Proof. (i) Since ν is represented as a sum of two squares, ρ2(ν) is 1. Then r2,K(π
2
2ν) =
4σ0,χK−4(π
2
2ν) = 4σ0,χK−4(ν) = r2,K(ν). Hence all the solutions of x
2
1 + x
2
2 = π
2
2ν is
obtained by x1 = π2x
′
1, x2 = π2x
′
2 with x
′2
1 + x
′2
2 = ν, which shows the assertion.
(ii) Since ν is represented as a sum of two squares, vp2(ν) is even. Then
r2,K(π
2−vp2 (ν)ν) > 0, For solutions x′1, x
′
2 of x
′2
1 +x
′2
2 = π
2−vp2 (ν)ν , x1 = π
vp2 (ν)/2−1
2 x
′
1
and x2 = π
vp2 (ν)/2−1
2 x
′
2 satisfy x
2
1 + x
2
2 = ν. 
We derive from Corollary 3.3, the following result on sums of two integer squares
in K. Let pi > 0 denote an odd prime element of OK with positive norm, and let
qj > 0 denote an odd prime element of OK with negative norm. We may assume
that the coefficient of
√
3 in pi is even by multiplying by the fundamental unit ε0
if necessary. Then a totally positive integer ν ∈ OK has a prime factorization as
ν = εk0π
e
2p
m1
1 · · · pmss qn11 · · · qntt with e+
∑
1≤j≤t nj ≡ 0 (mod 2). Then the necessary
and sufficient condition that ν is expressed as a sum of two integers in K, is that
(I) e = 0 and k ≡ n1 ≡ · · ·nt ≡ 0 (mod 2), or that (II) 2|e > 0 and n1 ≡ · · ·nt ≡ 0
(mod 2). The number of representations is 4
∏
i(1 + mi) for e = 0, 2, and it is
12
∏
i(1 +mi) for e ≥ 4, e ≡ 0 (mod 2).
4. Quadratic extensions of Q(
√
3)
Let α ∈ OK be square-free and not necessarily totally positive, and let F =
K(
√
α). We denote by ψα, fα(= dF/K) and dF/K , the character associated the
extension, the conductor of the extension and the relative different of F over K
respectively. The norm map of F/K and the norm map of F/Q are denoted by
NF/K and NF respectively. Let χ
F
−4 := χ−4 ◦ NF = χK−4 ◦ NF/K . We classify
quadratic extensions by the congruence condition on α as in Table 3, where we
understand that α ≡ 1 (mod 4p2) or α ≡ 3 (mod 4p2) in Case (A) and so on.
Table 3. Quadratic extensions F = K(
√
3,
√
α) of Q(
√
3).
α ≡ vp2(fα) dF/K p2 at F
(A) 1, 3 (mod 4p2) 0 (
√
α) split
(B) 5, 7 (mod 4p2) 0 (
√
α) inert
(C1) 1 + 2
√
3, 3 + 2
√
3 (mod 4) 2 (π2
√
α) ramify
(C2)
√
3 (mod 2) 4 (2
√
α) ramify
(D) 1 +
√
3 (mod 2) 5 (2
√
α) ramify
Let P2 ⊂ OF be the ideal with P22 = p2OF in Cases (C1),(C2) and (D). Then
χF−4 ∈ C∗p2OF in Cases (A) and (B), and χF−4 ∈ C∗P2 in Cases (C1),(C2) and (D).
In either case, the conductor fχF−4 is OF . There holds
χK−4ψα =
{
ψ−α1p2 ((A), (B)),
ψ−α ((C1), (C2), (D)).
Let χ˜F−4 be the primitive character associated with χ
F
−4. Then χ˜
F
−4 ∈ C∗OF , and
τF (χ˜
F
−4) = 1. In Cases (C1),(C2) and (D), the value of χ˜
F
−4 at P2 is −1. There
holds
LF (s, χ
F
−4) = LK(s, χ
K
−4)LK(s, ψ−α)(1− ψ−α(p2)2−s),
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LF (s, χ˜
F
−4) = LK(s, χ˜
K
−4)LK(s, ψ−α),(13)
and hence LF (0, χ˜
F
−4) equals 2
−13−1LK(0, ψ−α), and LF (0, χF−4) equals 2 · 3−1×
LK(0, ψ−α) in Case (A), 0 in Case (B), or 3−1LK(0, ψ−α) in Case (C1), (C2) or
(D). Let ψ, ψ′ be as in the precedent section. Then fψ◦NF/K = fψ′◦NF/K = (2) and
τF (ψ◦NF/K) = τF (ψ′◦NF/K) = 4 in Cases (A) and (B), and fψ◦NF/K = fψ′◦NF/K =
p2 and τF (ψ ◦NF/K) = τF (ψ′ ◦NF/K) = 2 in Cases (C1),(C2) and (D).
Let α be a totally positive square-free integer of K. By (12), we have
Sα,χK−4
(θ(z)3)(14)
=3Sα,χK−4(θ(z)G1,χK−4 (z;OK ,OK))− 2
−15Sα,χK−4(θ(z)G
1p2
1,χK−4
(z;OK ,OK))
− 2Sα,χK−4(θ(z)G
1p2
1,χK−4
(z; (2),OK)) + 2−1Sα,χK−4(θ(z)G
ψ′
1,ψ(z;OK ,OK)),
which is a Hilbert modular form of weight 2 for Γ0(d
−1
K , 2dK).
Shimura lifts of products of the theta series and Eisenstein series are explicitly
constructed in [8] Sect. 6, Sect. 7, which are essentially the restricts to the diagonal,
of Hilbert-Eisenstein series on the field F . Let ι : H2 −→ H4 be the diagonal map
associated with the inclusion ofK into F . For a Hilbert modular form f(Z) (Z ∈ H4)
on F of weight k, f(ι(z)) (z ∈ H2) is a Hilbert modular from on K of weight 2k.
We put
λ2,χK−4(z; (α),OK ) :=

U(2)(G1,χF−4(ι(z),OF , d
−1
F/K)) (A), (B),
U(2)(G1,χF−4(ι(z), p2OF , d
−1
F/K)) (C1),
G1,χF−4(ι(z),OF , d
−1
F/K) (C2), (D),
λ
1p2
2,χK−4
(z; (α),OK ) :=

U(2)(G
1p2OF
1,χF−4
(ι(z),OF , d−1F/K)) (A), (B),
U(2)(G
1P2
1,χF−4
(ι(z), p2OF , d−1F/K)) (C1),
G
1P2
1,χF−4
(ι(z),OF , d−1F/K) (C2), (D),
λ
1p2
2,χK−4
(z; (α), (2)) :=

U(2)(G
1p2OF
1,χF−4
(ι(z), p2OF , d−1F/K))) (A), (B),
G
1P2
1,χF−4
(ι(z),OF , d−1F/K) (C1),
G
1P2
1,χF−4
(ι(z), p2OF , d−1F/K) (C2), (D),
λψ
′
2,ψ(z; (α),OK ) :=

U(2)(G
ψ′◦NF/K
1,ψ◦NF/K (ι(z),OF , d
−1
F/K)) (A), (B),
U(2)(G
ψ′◦NF/K
1,ψ◦NF/K (ι(z), p2OF , d
−1
F/K)) (C1),
G
ψ′◦NF/K
1,ψ◦NF/K (ι(z),OF , d
−1
F/K) (C2), (D).
In [8], λ2,χK−4 (z; (α),OK), λ
1p2
2,χK−4
(z; (α),OK ), · · · , are denoted by
λ2,χK−4(z; (α),OK ,OK ,OK), λ
1p2
2,χK−4
(z; (α),OK ,OK ,OK), · · · . We drop the last two
ideals from the notation λ2,χK−4(z; (α),OK ,OK ,OK) and so on because they are
always OK in the present paper.
By [8], we have Sα,χK−4(θ(z)G1,χK−4 (z;OK ,OK)) = 2−2λ2,χK−4(z; (α),OK ),
Sα,χK−4
(θ(z)G
1p2
1,χK−4
(z;OK ,OK)) = 2−2λ1p22,χK−4(z; (α),OK), Sα,χK−4(θ(z)G
1p2
1,χK−4
(z; (2),
OK)) = λ1p22,χK−4(z; (α), (2)), and Sα,χK−4(θ(z)G
ψ′
1,ψ(z;OK ,OK) = λψ
′
2,ψ(z; (α),OK ).
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We can obtain the values at cusps of Eisenstein series on F by (7) and (8), which
are all rational multiples of LF (0, χ˜
F
−4), and hence we obtain the values at cusps of
λ2,χK−4(z; (α),OK), λ
1p2
2,χK−4
(z; (α),OK ), λψ
′
2,ψ(z; (α),OK ) and λψ
′
2,ψ(z; (α),OK ) by us-
ing [8] Lemma 8.2. Then the equation (14) gives the values at cusps of Sα,χK−4(θ(z)
3)
as in Table 4.
Table 4. Values of LF (0, χ˜
F
−4)
−1Sα,χK−4(θ(z)
3) at cusps in C0(2).
C0(2) 14√3
1
2pi2
√
3
1
2
√
3
3 3 2−23 · 7 (A)
S
α,χK−4
(θ(z)3)
LF (0,χ˜F−4)
0 0 2−232 (B)
2−13 2−13 2−13 (C1)
2−13 2−13 2−33 (C2), (D)
5. Sums of three squares in Q(
√
3)
The Hilbert modular surface of the group Γ0(d
−1
K , 2dK) is a blown up K3 surface
(see van der Geer [2] Chap. VII), dimS2(Γ0(d
−1
K , 2dK)) is one dimensional. The
cusp form Ξ(z) of (11) is a generator of the space S2(Γ0(d
−1
K , 2dK)). By (7) and
(8), and by using ζK(−1) = 1/6 and L(−1, χ12) = −2, the the values at cusps, of
Eisenstein series G2(z;OK ,OK), G2,1p2 (z;OK ,OK), G2,1p2 (z; p2,OK) are obtained
as in Table 5. From the table we see that these three Eisenstein series are linearly
independent, and hence M2(Γ0(d
−1
K , 2dK)) = 〈G2(z;OK ,OK), G2,1p2 (z;OK ,OK),
G2,1p2 (z; p2,OK),Ξ(z)〉.
Table 5. Values at cusps, of Eisenstein series of weight 2.
C0(2) 14√3
1
2pi2
√
3
1
2
√
3
G2(z;OK ,OK) 2−13−1 2−13−1 2−13−1
G2,1p2 (z;OK ,OK) −2−13−1 −2−13−1 2−23−1
G2,1p2 (z; p2,OK) −2−13−1 2−23−1 2−43−1
Let r3,K(ν) denote the number of representations of ν as sums of three in-
teger squares in K. Then θ(z)3 is a generating function of r3,K(ν)’s, namely
θ(z)3 = 1 +
∑
ν≻0 r3,K(ν)e(tr(νz)). Let α be a totally positive square-free inte-
ger in K. The Shimura lift Sa∗,χ(θ(z)
3) is in M2(Γ0(d
−1
K , 2dK)), and by Table 4
and Table 5, it is equal to 32LF (0, χ˜
F
−4){3G2(z;OK ,OK) + G2,1p2 (z;OK ,OK)} +
cαΞ(z) in Case (A), 3
2LF (0, χ˜
F
−4){G2(z;OK ,OK)+G2,1p2 (z;OK ,OK)}+ cαΞ(z) in
Case (B), 32LF (0, χ˜
F
−4)G2(z;OK ,OK)+ cαΞ(z) in Case (C1), and 2−132LF (0, χ˜F−4)
{G2(z;OK ,OK)−G2,1p2 (z;OK ,OK)}+ cαΞ(z) in Cases (C2) and (D) where cα is
a constant depending only on α.
Lemma 5.1. In all cases, cα is 0.
Proof. We note that the Fourier coefficient of Ξ(z) for ν = 1 is 1 and that for ν = ε0
is −1 by (11). At first we consider Case (C2) or (D). In this case the coefficient of√
3 in α is odd, and hence α can not be represented as a sum of squares. Comparing
the Fourier coefficients of the equality before the lemma, we have r3,K(α) = cα since
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the Fourier coefficient for ν = 1, of G2(z;OK ,OK) − G2,1p2 (z;OK ,OK) vanishes.
Then cα = 0.
Next, we consider Case (A). Comparing the Fourier coefficients of the both sides
of the equalitySα,χK−4(θ(z)
3) = 32LF (0, χ˜
F
−4){3G2(z;OK ,OK)+G2,1p2 (z;OK ,OK)}+
cαΞ(z) for ν = 1 and for ν = ε0, we obtain r3,K(α) = 2
432LF (0, χ˜
F
−4) + cα and
r3,K(ε
2
0α) = 2
432LF (0, χ˜
F
−4) − cα. However obviously the equality r3,K(α) =
r3,K(ε
2
0α) holds, and hence cα = 0. The similar argument shows the assertion
also in the rest of cases. 
Corollary 5.2. The Shimura lift Sα,χK−4(θ(z)
3) is equal to
32LF (0, χ˜
F
−4){3G2(z;OK ,OK) +G2,1p2 (z;OK ,OK)} (A),
32LF (0, χ˜
F
−4){G2(z;OK ,OK) +G2,1p2 (z;OK ,OK)} (B),
32LF (0, χ˜
F
−4)G2(z;OK ,OK) (C1),
2−132LF (0, χ˜F−4){G2(z;OK ,OK)−G2,1p2 (z;OK ,OK)} (C2), (D).
Since Sα,χK−4(θ(z)
3) = C +
∑
ν∈OK ,≻0
∑
δ|ν,δ∈OK/O×K (ψ−α1p2)(δ)r3,K(α(ν/δ)
2)
×e(tr(νz)) with a constant C, comparing the terms corresponding to ν, of the both
sides of equations in Corollary 5.2, we have for ν ≻ 0,∑
δ|ν,δ/O×K
(ψ−α1p2)(δ)r3,K(α(ν/δ)
2)(15)
=2232LF (0, χ˜
F
−4)×

{3σ1(ν) + σ1,1p2 (ν)} (A),
{σ1(ν) + σ1,1p2 (ν)} (B),
σ1(ν) (C1),
2−1{σ1(ν)− σ1,1p2 (ν)} (C2), (D).
By (13), LF (0, χ˜
F
−4) = 2
−13−1LK(0, ψ−α), and there holds LK(0, ψ−α) =
22
wK(
√−α)QK(√−α)/K
hK(
√−α) where wK(√−α), QK(√−α)/K and hK(√−α) denote the
number of units in K(
√−α), the Hasse unit index and the relative class number
respectively. Here the relative class number is just the class number of K(
√−α)
since K is of class number 1. If square-free α ≻ 0 is not a unit, then wK(√−α) is 2
and QK(
√−α)/K is 1. For α = 1, wK(√−1) is 12 and QK(√−1)/K is 2, and for α = ε0,
wK(
√−ε0) is 2 and QK(
√−ε0)/K is 2. Thus LF (0, χ˜
F
−4) is equal to 2
−23−2hK(√−1)
for α = 1, 2−13−1hK(√−ε0) for α = ε0, and 3
−1hK(√−α) for α non-unit. If ν is a
product of totally positive prime elements, by using the Mo¨bius inversion formula
onK, it is shown that for square-free α 6= εn0 ,≻ 0, r3,K(αν2) is equal to 223hK(√−α)
times the following;∑
0≺δ|ν,δ∈OK/EOK
(ψ−α1p2µK)(δ){3σ1(ν/δ) + σ1,1p2 (ν/δ)} (A),∑
0≺δ|ν,δ∈OK/EOK
(ψ−α1p2µK)(δ){σ1(ν/δ) + σ1,1p2 (ν/δ)} (B),∑
0≺δ|ν,δ∈OK/EOK
(ψ−α1p2µK)(δ)σ1(ν/δ) (C1),
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2−1
∑
0≺δ|ν,δ∈OK/EOK
(ψ−α1p2µK)(δ){σ1(ν/δ)− σ1,1p2 (ν/δ)} (C2), (D),
σ1 and σ1,1p2 being as in (5). Further for α = 1, ε0 and for a product ν of totally
positive primes,
r3,K(ν
2) = hK(
√−1)
∑
0≺δ|ν,δ∈OK/EOK
(ψ−11p2µK)(δ){3σ1(ν/δ) + σ1,1p2 (ν/δ)},
r3,K(ε0ν
2) = 3hK(
√−ε0)
∑
0≺δ|ν,δ∈OK/EOK
(ψ−ε01p2µK)(δ){σ1(ν/δ)− σ1,1p2 (ν/δ)},
where hK(
√−1) = 1 and hK(√−ε0) = 2.
Theorem 5.3. Let K = Q(
√
3).
(i) A totally positive integer a+ b
√
3 (a, b ∈ Z) is represented as a sum of three
integer squares in K if and only if b is even.
(ii) Let α be a totally positive square-free integer in K which is not a unit.
We classify α as in Table 3. Then the class number of K(
√−α) is given by
2−43−1r3,K(α) in Case (A), 2−33−1r3,K(α) in Case (B), 2−23−1r3,K(α) in Case
(C1), and 2
−23−2r3,K(4α) in Cases (C2) and (D).
Proof. (i) The necessity is obvious, and only the sufficiency is to be proved. We
can write as a + b
√
3 = αν2 for α square-free. If α satisfies (A), (B) or (C1), then
r3,K(α) > 0 by the formulas before Theorem. Then r3,K(αν
2) > 0 for any ν ∈ OK .
Suppose that α satisfies (C2) or (D). If ν is odd, then ν
2 ≡ 1 (mod 2) and b is
odd, which contradicts to our assumption. Hence ν must be in p2, and αν
2 is a
product of π22α and some integer square. To prove r3,K(αν
2) > 0, it is enough to
show r3,K(π
2
2α) > 0. By (15) in Cases (C2) and (D), there holds
r3,K(π
4
2α) = 2
232hK(
√−α) > 0,(16)
and there are x1, x2, x3 ∈ OK satisfying x21 + x22 + x23 = π42α. At least one of xi’s
is even, say x3. If vp2(x3) = 1, then putting x3 = π2x
′
3, there holds x
2
1 + x
2
2 =
π22(π
2
2α− x′23 ) with ρ2(π22α− x′23 ) = 1. Then by Corollary 3.3 (i), both of x1, x2 are
even, and hence r3,K(π
2
2α) > 0. If x3 = 0 or vp2(x3) ≥ 2, then there are even x1, x2
by Corollary 3.3 (ii), and hence r3,K(π
2
2α) > 0.
The assertion (ii) is obtained from formulas before the theorem and from (16)
since π42 = 4ε
2
0. 
Remark 5.4. A formula for the left hand side of (15) in case N(ν) < 0 is obtained
by using the theta lifts of θd−1K
(z) =
∑
µ∈d−1K e(tr(µ
2z)). We omit the argument
because it is not necessary to show Theorem 5.3.
6. Hilbert modular forms on Q(
√
17)
Let K = Q(
√
17). Then dK = (
√
17), and the class number of K is 1. We put
ω := (1 +
√
17)/2 and ω′ := (1−√17)/2. Let ε0 := 3 + 2ω be a fundamental unit,
which has a negative norm. Put π2 := 2 + ω, p2 := (π2), π
′
2 := 2 + ω
′, p′2 := (π
′
2).
Then the ideal (2) is decomposed as (2) = p2p
′
2 in K. Let χ
K
−4 := χ−4 ◦N ∈ C∗(4),
whose conductor fχK−4 is (4). Let ρ2 be the unique nontrivial ideal class character
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in C∗
p22
, and let ρ′2 be the unique nontrivial ideal class character in C
∗
p′22
. Then
fρ2 = p
2
2, fρ2 = p
′2
2 and
χK−4 = ρ2ρ
′
2.
For a, b ∈ Z, we have ρ2((a + bω)) = sgn(a + bω′)χ−4(a), ρ′2((a + bω)) = sgn(a +
bω)χ−4(a + b), and eρ2 = (0, 1), eρ′2 = (1, 0). Further ρ2(p
′
2) = −1, ρ′2(p2) = −1,
τK(χ
K
−4) = −4, τK(ρ2) = τK(ρ′2) = 2
√−1, LK(0, χK−4) = 2.
The set C0(4) of representatives of cusps of Γ0(d−1K , 4dK) is taken as
C0(4) = { 14√17 ,
1
2pi′2
√
17
, 1
2pi2
√
17
, 1
2
√
17
, 1
pi′22
√
17
, 1
pi22
√
17
, 1
pi′2
√
17
, 1
pi2
√
17
, 1√
17
},
and the set C0(2) of representatives of cusps of Γ0(d−1K , 2dK) is taken as
C0(2) = { 12√17 , 1pi′2√17 ,
1
pi2
√
17
, 1√
17
}.
The square θ(z)2 of the theta series is a Hilbert modular form for Γ0(d
−1
K , 4dK) of
weight 1 with character χK−4, and it takes the values at cusps as in Table 6.
Table 6. Values of θ(z)2 at cusps.
C0(4) 14√17 12pi′2√17
1
2pi2
√
17
1
2
√
17
1
pi′22
√
17
1
pi22
√
17
1
pi′2
√
17
1
pi2
√
17
1√
17
θ(z)2 1 0 0 0 2−1
√
−1 −2−1
√
−1 0 0 2−2
By (7) and (8), and by LK(0, χ
K
−4) = 2, the values at cusps, of Eisenstein series
G1,χK−4(z;OK ,OK), G
ρ′2
1,ρ2
(z;OK ,OK) ∈ M1(Γ0(d−1K , 4dK), χK−4) are obtained as in
Table 7.
Table 7. Values at cusps, of Eisenstein series of weight 1.
C0(4) 14√17
1
2pi′2
√
17
1
2pi2
√
17
1
2
√
17
1
pi′22
√
17
1
pi22
√
17
1
pi′2
√
17
1
pi2
√
17
1√
17
G1,χK−4(z;OK ,OK) 2 0 0 0 0 0 0 0 2−1
G
ρ′2
1,ρ2
(z;OK ,OK) 0 0 0 0
√−1 −√−1 0 0 0
The product of these Eisenstein series is a cusp form of weight 2, since it vanishes
at all the cusps. Put Φ(z) := 2−3G1,χK−4(z;OK ,OK)G
ρ′2
1,ρ2
(z;OK ,OK), and put
Ξ(z) := 3−1U(2)(Φ(z)) which is in S2(Γ0(d−1K , 2dK)). The first several Fourier
coefficients of Φ(z),Ξ(z), U(π2)(Φ(z)), U(π
′
2)(Φ(z)),Ξ(2z) are as in Table 8, where
for example we read the second row as Φ(z) = e(tr(z)) + 3e(tr(2z)) − e(tr(π′2z)) −
e(tr(π2z)) + 2e(tr(3z))− e(tr((3+ω′)z)) − e(tr((3+ω)z)) + 3e(tr(4z)) + · · · .
Table 8. Fourier coefficients of cusp forms of weight 2.
1 2 π′2 π2 3 3 + ω
′ 3 + ω 4
Φ(z) 1 3 −1 −1 2 −1 −1 3
Ξ(z) 1 1 −1 −1 −2 −1 −1 1
U(π2)(Φ(z)) −1 −3 3 1 2 1 3 −3
U(π′2)(Φ(z)) −1 −3 1 3 2 3 1 −3
Ξ(2z) 0 1 0 0 0 0 0 1
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The group Γ0(d
−1
K , 4dK) acts freely on H
2, and hence the arithmetic genus of a
nonsingular model of the compactified Hilbert modular surface for Γ0(d
−1
K , 4dK) is
obtained from the volume of the fundamental domain and from the contributions
from cusps (van der Geer [2]). It is computed to be 6, and hence dimS2(Γ0(d
−1
K , 4dK)) =
5. We see that cusp forms in Table 8 are linearly independent only by looking the
first five Fourier coefficients. This shows that S2(Γ0(d
−1
K , 4dK)) = 〈Φ(z), Ξ(z),
U(π2)(Φ(z)), U(π
′
2)(Φ(z)), Ξ(2z)〉, and that a cusp form in S2(Γ0(d−1K , 4dK)) van-
ishes identically if its first five Fourier coefficients are all 0.
Lemma 6.1. The following equality holds;
θ(z)2 = 2−1G1,χK−4(z;OK ,OK) + 2
−1Gρ
′
1,ρ(z;OK ,OK).(17)
Proof. Let f be a Hilbert modular form given as the left hand side minus the right
hand side of the equation (17). It is a cusp form from Table 6 and from Table
7. As easily checked, the first four Fourier coefficients of f are all 0, and hence so
are the first five Fourier coefficients of f2 ∈ S2(Γ0(d−1K , 4dK)). Then f2 = 0, and
f = 0. 
Corollary 6.2. For ν ∈ OK ,≻ 0, there holds
r2,K(ν) = 2σ0,χK−4(ν) + 2σ
ρ′2
0,ρ2
(ν).
In considering a prime factorization in K, we may assume that prime elements
are totally positive since a fundamental unit has a negative norm. Let pi ∈ K be a
totally positive prime element congruent to 1 (mod 4), qj ∈ K be a totally positive
prime element congruent to 3 (mod 4), and let rk ∈ K be a totally positive prime
element congruent to
√
17 or to 2+
√
17 modulo 4. Then a totally positive ν has a
prime factorization ν = ε2l0 π
e
2π
′e′
2 p
a1
1 · · · parr qb11 · · · qbtt rc11 · · · rcuu . Then by Corollary
6.2, it is expressed as a sum of two integer squares if and only if e+e′+
∑
j bj ≡ c1 ≡
· · · ≡ cu (mod 2). The number of representations is given by 4
∏
i(1+ai)
∏
j(1+bj).
7. Quadratic extensions of Q(
√
17)
Let α ∈ OK be square-free and not necessarily totally positive, and let F =
K(
√
α). We denote by ψα, fα, the character associated the extension, the conductor
of the extension. Let χF−4 := χ−4 ◦ NF . We classify quadratic extensions by the
congruence conditions on α modulo some powers of p2 and modulo some powers of
p′2 as in Table 9.
Table 9. Quadratic extensions F = Q(
√
17,
√
α) of Q(
√
17).
α ≡ vp2(fα) p2 at F
(A) 1 (mod p32) 0 split
(B) 5 (mod p32) 0 inert
(CA) 7 (mod p
3
2) 2 ramify
(CB) 3 (mod p
3
2) 2 ramify
(D) 2 (mod p22) 3 ramify
α ≡ vp′2(fα) p′2 at F
(A′) 1 (mod p′32 ) 0 split
(B′) 5 (mod p′32 ) 0 inert
(C′A′) 7 (mod p
′3
2 ) 2 ramify
(C′B′) 3 (mod p
′3
2 ) 2 ramify
(D′) 2 (mod p′22 ) 3 ramify
If α satisfies both (A) and (A′), then we say that α is in Case (AA′). It is similar
for (AB′), (AC′A′) and so on.
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Let ρ2, ρ
′
2 be as in the preceding section. Put ρ
F
2 := ρ2 ◦NF/K , ρ′F2 := ρ′2 ◦NF/K .
Then since χK−4 = ρ2ρ
′
2, we have χ
F
−4 = ρ
F
2 ρ
′F
2 and χ˜
F
−4 = ρ˜
F
2 ρ˜
′F
2 . The conductors
of ρF2 , ρ
′F
2 and their values of Gauss sums are given as in Table 10 where P2,P
′
2
denote prime ideals in F with P22 = p2,P
′2
2 = p
′
2 respectively.
Table 10. Conductors and Gauss sums of ρF2 , ρ
′F
2 .
fρF2 ρ˜
F
2 (P2) τF (ρ˜
F
2 )
(A) p22OF — −4
(B) p22OF — −4
(CA) OF −1 −1
(CB) OF 1 −1
(D) p2OF 0 −2
fρ′F2 ρ˜
′F
2 (P
′
2) τF (ρ˜
′F
2 )
(A′) p′22 OF — −4
(B′) p′22 OF — −4
(C′A′) OF −1 −1
(C′B′ ) OF 1 −1
(D′) p′2OF 0 −2
We have fχF−4 = fρF2 fρ′F2 . The equality τF (χ˜
F
−4) = τF (ρ˜
F
2 )τF (ρ˜
F
2′) holds, since
fρF2 , fρ′F2 are squares in OF and since ρF2 , ρ′F2 are real characters. We have
χK−4ψα =

ψ−α12 (CAC′A′), (CAC
′
B′), (CBC
′
A′), (CBC
′
B′),
ψ−α1p2 (CAX
′), (CBX ′)withX ′ 6= C′A′ ,C′B′ ,
ψ−α1p′2 (XC
′
A′), (XC
′
B′)withX 6= CA,CB,
ψ−α (otherwise),
and
LF (s, χ
F
−4) = LK(s, χ
K
−4)LK(s, ψ−α)(1− ψ−α(p2)2−s)(1 − ψ−α(p′2)2−s),
LF (s, χ˜
F
−4) = LK(s, χ
K
−4)LK(s, ψ−α).(18)
In particular LF (0, χ
F
−4) = 0 in Case (CA) or (C
′
A′). The standard argument shows
the following lemma, and we omit the proof.
Lemma 7.1. (i) If ν ≡ 7 (mod p32) or ν ≡ 7 (mod p′32 ), then r3,K(ν) = 0.
(ii) The equalities r3,K(π
2
2ν) = r3,K(ν) and r3,K(π
′2
2 ν) = r3,K(ν) hold.
In the following argument we exclude Cases (CA) and (C
′
A′) because of Lemma
7.1 (i).
Let α be a totally positive square-free integer in K. By (12), we have
Sα,χK−4
(θ(z)3)(19)
=2−1Sα,χK−4(θ(z)G1,χK−4 (z;OK ,OK)) + 2
−1
Sα,χK−4
(θ(z)G
ρ′2
1,ρ2
(z;OK ,OK)),
which is a Hilbert modular forms of weight 2 for Γ0(d
−1
K , 2dK). Let ι : H
2 −→ H4
be the diagonal map associated with the inclusion of K into F . We put
λ2,χK−4(z; (α),OK )
:=

U(2)(G1,χF−4 (ι(z),OF , d
−1
F/K)) (AA
′), (AB′), (BA′), (BB′)
U(π2)(G1,χF−4 (ι(z),OF , d
−1
F/K)) (AC
′
B′), (AD
′), (BC′B′), (BD
′)
U(π′2)(G1,χF−4 (ι(z),OF , d
−1
F/K)) (CBA
′), (CBB′), (DA′), (DB′)
G1,χF−4 (ι(z),OF , d
−1
F/K) (otherwise)
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and
λ
ρ′2
2,ρ2
(z; (α),OK )
:=

U(2)(G
ρ′F2
1,ρF2
(ι(z),OF , d−1F/K)) (AA′), (AB′), (BA′), (BB′)
U(π2)(G
ρ′F2
1,ρF2
(ι(z),OF , d−1F/K)) (AC′B′), (AD′), (BC′B′), (BD′)
U(π′2)(G
ρ′F2
1,ρF2
(ι(z),OF , d−1F/K)) (CBA′), (CBB′), (DA′), (DB′)
G
ρ′F2
1,ρF2
(ι(z),OF , d−1F/K) (otherwise).
By [8], we have Sα,χK−4(θ(z)G1,χK−4 (z;OK ,OK)) = 2−2λ2,χK−4(z; (α),OK ),
Sα,χK−4
(θ(z)G
ρ′2
1,ρ2
(z;OK ,OK)) = 2−2λρ
′
2
2,ρ2
(z; (α),OK ). We can obtain the values
at cusps of Eisenstein series on F by (7) and (8), which are all rational multi-
ples of LF (0, χ˜
F
−4), and hence we obtain the values at cusps of λ2,χK−4(z; (α),OK ),
λ
ρ′2
2,ρ2
(z; (α),OK) by using [8] Lemma 8.2. Here in Table 11, we make a rougher
classification of α than Table 9, where the cases that α ≡ 7 (mod p32) and that
α ≡ 7 (mod p′32 ), are omitted. Then the equation (19) gives the values at cusps, of
Sα,χK−4
(θ(z)3) as in Table 12.
Table 11. Classification of α.
(E) α 6≡ 3 (mod p32) and α 6≡ 3 (mod p′32 ),
(F) only one of two congruences α ≡ 3 (mod p32), α ≡ 3 (mod p′32 ) holds,
(G) α ≡ 3 (mod 8).
Table 12. Values of LF (0, χ˜
F
−4)
−1Sα,χK−4(θ(z)
3) at cusps in C0(2).
C0(2) 12√17 1pi′2√17
1
pi2
√
17
1√
17
S
α,χK−4
(θ(z)3)
LF (0,χ˜F−4)
2−3 −2−4 −2−4 2−5 (E)
2−2 −2−3 −2−3 2−4 (F)
2−1 −2−2 −2−2 2−3 (G)
8. Sums of three squares in Q(
√
17)
The group Γ0(d
−1
K , 2dK) has 4 elliptic fixed points on Γ0(d
−1
K , 2dK)\H2, which are
all of order 2. Since K has a fundamental unit with negative norm, the arithmetic
genus of a compactified Hilbert modular surface for Γ0(d
−1
K , 2dK) is obtained from
the volume of fundamental domain and from contributions from elliptic singulari-
ties, and it is computed to be 2, and hence dimS2(Γ0(d
−1
K , 2dK)) = 1. For Ξ(z) in
Sect. 6, we have S2(Γ0(d
−1
K , 2dK)) = 〈Ξ(z)〉.
By (7) and (8), and by using the fact ζK(−1) = 1/3 and L(−1, χ17) = −4, the
values at cusps, of Eisenstein series G2(z;OK ,OK), G2,1p2 (z;OK ,OK),
G2,1p′
2
(z;OK ,OK), G2,12(z;OK ,OK) are given as in Table 13. The table shows that
these Eisenstein series are linearly independent, andM(Γ0(d
−1
K , 2dK)) = 〈G2(z;OK ,
OK), G2,1p2 (z;OK ,OK), G2,1p′2 (z;OK ,OK), G2,12(z;OK ,OK),Ξ(z)〉.
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Table 13. Values at cusps, of Eisenstein series of weight 2.
C0(2) 12√17
1
pi′2
√
17
1
pi2
√
17
1√
17
G2(z;OK ,OK) 3−1 3−1 3−1 3−1
G2,1p2 (z;OK ,OK) −3−1 2−13−1 −3−1 2−13−1
G2,1p′
2
(z;OK ,OK) −3−1 −3−1 2−13−1 2−13−1
G2,12(z;OK ,OK) 3−1 −2−13−1 −2−13−1 2−23−1
Let α be a totally positive square-free integer inK. The Shimura lift Sα,χK−4(θ(z)
3)
is inM2(Γ0(d
−1
K , 2dK)), and by Table 12 and Table 13, it is equal to 2
−33LF (0, χ˜F−4)
×G2,12(z;OK ,OK)+cαΞ(z) in Case (E), 2−23LF (0, χ˜F−4)G2,12(z;OK ,OK)+cαΞ(z)
in Case (F), and 2−13LF (0, χ˜F−4)G2,12(z;OK ,OK) + cαΞ(z) in Case (G) where cα
is a constant depending only on α.
Lemma 8.1. In all cases, cα is 0.
Proof. We consider the case (E). We note that the Fourier coefficients of Ξ(z) for
ν = 1 and for ν = π2 are 1 and −1 respectively by Table 8. Comparing the Fourier
coefficients of the equality Sα,χK−4(θ(z)
3) = 2−33LF (0, χ˜F−4)G2,12(z;OK ,OK) +
cαΞ(z) for ν = 1 and for ν = π2, we have r3,K(α) = 2
−13LF (0, χ˜F−4) + cα and
r3,K(π
2
2α) = 2
−13LF (0, χ˜F−4) − cα. Then Lemma 7.1 (ii) leads to cα = 0. The
similar arguments shows the assertion also in the rest of cases. 
Corollary 8.2. The Shimura lift Sα,χK−4(θ(z)
3) is equal to
Sα,χK−4
(θ(z)3) = 2−33 c LF (0, χ˜F−4)G2,12(z;OK ,OK)(20)
where c = 1 in Case (E), c = 2 in Case (F) and c = 22 in Case (G).
By (18), LF (0, χ˜
F
−4) = 2LK(0, ψ−α). Let hK(√−α), wK(√−α), QK(√−α)/K be as
in Sect. 5. Then wK(
√−α) is 6 if
√−3 ∈ K(√−α), 4 if √−1 ∈ K(√−α), and
2 if otherwise. The Hasse unit index QK(
√−α)/K is always 1. By LK(0, ψ−α) =
22
wK(
√−α)QK(√−α)/K
hK(
√−α), LF (0, χ˜
F
−4) is expressed in terms of hK(√−α). Applying
the Mo¨bius inversion formula on K to the equality between ν-th terms of the both
sides of (20), we have for α with K(
√−α) 6= K(√−1),K(√−3),
r3,K(αν
2) = 2 · 3 c hK(√−α)
∑
0≺δ|ν,δ∈OK/EOK
(ψ−α12µK)(δ)σ1,12(ν/δ) (ν ∈ OK ,≻ 0)
where c = 1 in Case (E), c = 2 in Case (F) and c = 22 in Case (G) and where σ1,12
is as in (5). When α = 1 or α = 3, we have
r3,K(ν
2) = 3hK(
√−1)
∑
δ|ν,δ≻0,δ/EOK
(ψ−112µK)(δ)σ1,12 (ν/δ) (ν ∈ OK ,≻ 0),
r3,K(3ν
2) = 23hK(
√−3)
∑
δ|ν,δ≻0,δ/EOK
(ψ−312µK)(δ)σ1,12 (ν/δ) (ν ∈ OK ,≻ 0),
where hK(
√−1) = 2, hK(√−3) = 1. For any ν ∈ OK , 6= 0, one of ±ν,±ε0ν is totally
positive and hence the formula for r3,K(αν
2) for any ν is obtained from the above
formulas since r3,K(αν
2) = r3,K(ε
2
0αν
2).
We have shown the following;
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Theorem 8.3. Let K = Q(
√
17). Let π2 = (5 +
√
17)/2, π′2 = (5 −
√
17)/2, and
p2 = (π2), p
′
2 = (π
′
2).
(i) A totally positive integer in K is represented as a sum of three integer squares
in K if and only if it is not in the form π2e2 π
′2e′
2 µ with nonnegative rational integers
e, e′ and with µ ≡ 7 (mod p32) or µ ≡ 7 (mod p′32 ).
(ii) Let α be a totally positive square-free integer in K which is congruent to 7 nei-
ther modulo p32 nor modulo p
′3
2 . Further we assume that K(
√−α) 6= K(√−1),K(√−3).
We classify α as in Table 11. Then the class number of the field K(
√−α) is given
by 2−13−1r3,K(α) in Case (E), 2−23−1r3,K(α) in Case (F), and 2−33−1r3,K(α) in
Case (G).
9. Tables of class numbers
A tabulation for class numbers of totally imaginary quadratic extensions F =
K(
√−α) of K is made for 220 selected values of α in each case of K = Q(√3) and
K = Q(
√
17).
In case K = Q(
√
3), square-free totally positive integers α = a+ b
√
3 with b ≥ 0
are arranged in lexicographical order, where we omit α with b < 0 since rings of
integers in F for α = a + b
√
3 and for α = a − b√3 are isomorphic to each other
and they have the same class number. We omit a + b
√
3 from the table if there
is n ∈ Z so that a + b√3 = ε2n0 (a′ ± b′
√
3) with a′ < a. By Theorem 5.3, a class
number hF is obtained from r3,K(α) or r3,K(4α), and r3,K(a+ b
√
3) is obtained by
counting integral solutions of
x21 + 3y
2
1 + x
2
2 + 3y
2
2 + x
2
3 + 3y
2
3 = a,
2x1y1 + 2x2y2 + 2x3y3 = b
in terms of ordinary integral arithmetic.
In case K = Q(
√
17), square-free totally positive integers α = a + bω (ω =
(1+
√
17)/2 with b ≥ 0 and with α 6≡ 7 (mod p32), α 6≡ 7 (mod p′32 ), are arranged in
lexicographical order. A tabulation is made applying essentially the same principle
as in Q(
√
3), where we note that rings of integers in F for α = a + bω and for
α = a+ b− bω are isomorphic to each other. By Theorem 8.3, a class number hF is
obtained from r3,K(α), and r3,K(a+ bω) is obtained by counting integral solutions
of
x21 + 4y
2
1 + x
2
2 + 4y
2
2 + x
2
3 + 4y
2
3 = a,
2x1y1 + y
2
1 + 2x2y2 + y
2
2 + 2x3y3 + y
2
3 = b.
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Table 14. Table of class numbers of F = Q(
√
3,
√−α)
α = a+ b
√
3, dF/Q(
√
3) = (mα), hF = the class number of F .
a b m hF a b m hF a b m hF a b m hF a b m hF
1 0 1 1 16 7 4 6 23 4 1 4 28 13 4 6 33 1 4 28
2 1 4 2 17 0 1 4 23 5 4 22 29 0 1 18 33 2 2 12
3 1 4 2 17 1 4 16 23 6 2 10 29 1 4 30 33 4 1 14
4 1 4 2 17 2 2 10 23 7 4 20 29 2 2 18 33 7 4 20
5 0 1 2 17 3 4 22 23 8 1 10 29 3 4 28 33 8 1 4
5 1 4 6 17 4 1 8 23 9 4 20 29 4 1 4 33 10 2 8
5 2 2 2 17 5 4 14 23 10 2 10 29 5 4 36 33 11 4 16
6 1 4 4 17 6 2 6 23 11 4 10 29 6 2 14 33 13 4 12
7 0 1 2 17 7 4 12 24 1 4 16 29 7 4 22 33 14 2 8
7 1 4 4 17 8 1 2 24 5 4 16 29 8 1 14 33 16 1 2
7 2 2 2 18 1 4 16 24 7 4 16 29 9 4 28 34 1 4 24
7 3 4 2 18 5 4 12 24 11 4 12 29 10 2 14 34 3 4 20
8 1 4 10 18 7 4 8 25 1 4 12 29 11 4 28 34 5 4 16
8 3 4 6 19 0 1 2 25 2 2 6 29 12 1 4 34 7 4 20
9 1 4 4 19 1 4 10 25 3 4 12 29 13 4 28 34 9 4 16
9 2 2 4 19 2 2 6 25 4 1 6 29 14 2 8 34 11 4 12
9 4 1 2 19 3 4 8 25 5 4 12 30 1 4 16 34 13 4 12
10 1 4 4 19 4 1 6 25 6 2 8 30 5 4 16 34 15 4 12
10 3 4 4 19 5 4 8 25 7 4 12 30 7 4 20 34 17 4 8
10 5 4 4 19 6 2 4 25 8 1 2 30 11 4 24 35 0 1 8
11 0 1 2 19 7 4 10 25 9 4 12 30 13 4 16 35 1 4 44
11 1 4 10 19 9 4 6 25 10 2 4 31 0 1 6 35 2 2 18
11 2 2 6 20 1 4 14 25 11 4 6 31 1 4 16 35 3 4 40
11 3 4 12 20 3 4 18 25 12 1 4 31 2 2 12 35 4 1 18
11 4 1 4 20 5 4 20 26 1 4 36 31 3 4 14 35 5 4 40
11 5 4 8 20 7 4 20 26 3 4 36 31 4 1 2 35 6 2 14
12 1 4 12 20 9 4 18 26 5 4 28 31 5 4 18 35 7 4 24
12 5 4 4 21 1 4 16 26 9 4 20 31 6 2 6 35 8 1 6
13 0 1 4 21 2 2 8 26 11 4 12 31 7 4 20 35 9 4 22
13 1 4 10 21 4 1 2 26 13 4 12 31 8 1 8 35 10 2 20
13 2 2 2 21 5 4 16 27 2 2 8 31 9 4 16 35 11 4 44
13 3 4 8 21 7 4 12 27 4 1 10 31 10 2 6 35 12 1 16
13 5 4 4 21 8 1 6 27 5 4 20 31 11 4 12 35 13 4 28
13 6 2 2 21 10 2 4 27 7 4 20 31 13 4 14 35 14 2 12
14 1 4 16 22 1 4 12 27 8 1 2 31 14 2 6 35 15 4 28
14 7 4 8 22 3 4 12 27 10 2 8 31 15 4 12 35 16 1 4
15 1 4 8 22 5 4 12 27 11 4 12 32 1 4 26 35 17 4 18
15 2 2 4 22 7 4 8 27 13 4 12 32 3 4 30 36 1 4 20
15 4 1 2 22 9 4 8 28 1 4 12 32 5 4 48 36 5 4 32
15 5 4 8 22 11 4 8 28 3 4 22 32 7 4 30 36 7 4 24
15 7 4 8 23 0 1 12 28 5 4 14 32 9 4 32 36 11 4 16
16 1 4 8 23 1 4 32 28 7 4 12 32 11 4 34 36 13 4 24
16 3 4 6 23 2 2 12 28 9 4 14 32 13 4 16 36 17 4 16
16 5 4 10 23 3 4 22 28 11 4 14 32 15 4 22 37 0 1 8
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Table 15. Table of class numbers of F = Q(
√
17,
√−α)
α = a+ bω (ω = 1+
√
17
2 ), dF/Q(
√
17) = (π
e
2π
′e′
2 α), hF = the class number of F .
a b e, e′ hF a b e, e′ hF a b e, e′ hF a b e, e′ hF a b e, e′ hF
1 0 2, 2 2 18 8 2, 2 12 26 13 2, 0 4 33 9 2, 2 24 38 3 2, 2 36
2 0 2, 2 2 18 11 2, 2 4 26 15 2, 2 16 33 10 2, 0 10 38 4 2, 2 24
3 0 0, 0 1 19 0 0, 0 2 26 16 2, 2 4 33 12 2, 2 32 38 7 2, 2 36
5 0 2, 2 4 19 2 0, 2 4 27 2 0, 2 8 33 13 2, 2 20 38 8 2, 2 32
5 1 2, 2 4 19 6 0, 2 6 27 6 0, 2 8 33 16 2, 2 16 38 9 2, 0 12
6 0 2, 2 4 19 8 0, 0 1 27 8 0, 0 2 33 17 2, 2 16 38 11 2, 2 40
6 1 2, 0 2 19 10 0, 2 4 27 10 0, 2 8 33 18 2, 0 4 38 12 2, 2 36
6 3 2, 2 4 21 0 2, 2 16 27 14 0, 2 4 33 20 2, 2 12 38 15 2, 2 28
7 3 0, 2 2 21 1 2, 2 20 27 16 0, 0 1 34 3 2, 2 24 38 16 2, 2 28
9 1 2, 2 8 21 4 2, 2 12 29 0 2, 2 36 34 4 2, 2 36 38 17 2, 0 10
9 2 2, 0 2 21 5 2, 2 24 29 1 2, 2 24 34 5 2, 0 12 38 19 2, 2 16
9 4 2, 2 4 21 6 2, 0 4 29 4 2, 2 24 34 7 2, 2 24 38 20 2, 2 24
9 5 2, 2 4 21 8 2, 2 12 29 5 2, 2 28 34 8 2, 2 28 38 23 2, 2 12
10 0 2, 2 12 21 9 2, 2 16 29 6 2, 0 12 34 11 2, 2 20 39 3 0, 2 12
10 3 2, 2 8 21 12 2, 2 8 29 8 2, 2 24 34 12 2, 2 24 39 7 0, 2 12
10 4 2, 2 8 22 0 2, 2 28 29 9 2, 2 28 34 13 2, 0 8 39 11 0, 2 12
10 5 2, 0 2 22 1 2, 0 6 29 12 2, 2 28 34 15 2, 2 24 39 15 0, 2 12
11 0 0, 0 1 22 3 2, 2 20 29 13 2, 2 16 34 19 2, 2 20 39 19 0, 2 6
11 2 0, 2 4 22 4 2, 2 16 29 14 2, 0 8 34 20 2, 2 12 39 23 0, 2 4
11 6 0, 2 2 22 7 2, 2 24 29 16 2, 2 12 35 0 0, 0 4 41 0 2, 2 32
13 0 2, 2 16 22 8 2, 2 16 29 17 2, 2 16 35 2 0, 2 12 41 1 2, 2 32
13 1 2, 2 8 22 9 2, 0 6 30 0 2, 2 32 35 6 0, 2 10 41 2 2, 0 14
13 4 2, 2 12 22 11 2, 2 12 30 1 2, 0 8 35 8 0, 0 3 41 4 2, 2 32
13 5 2, 2 12 22 12 2, 2 12 30 3 2, 2 32 35 10 0, 2 8 41 5 2, 2 48
13 6 2, 0 4 23 3 0, 2 6 30 4 2, 2 24 35 14 0, 2 12 41 8 2, 2 40
13 8 2, 2 4 23 7 0, 2 8 30 7 2, 2 24 35 16 0, 0 3 41 9 2, 2 48
14 0 2, 2 16 23 11 0, 2 4 30 8 2, 2 24 35 18 0, 2 8 41 10 2, 0 12
14 1 2, 0 4 25 1 2, 2 24 30 9 2, 0 8 37 0 2, 2 36 41 12 2, 2 36
14 3 2, 2 12 25 2 2, 0 6 30 11 2, 2 20 37 1 2, 2 28 41 13 2, 2 28
14 4 2, 2 8 25 4 2, 2 28 30 12 2, 2 24 37 4 2, 2 44 41 16 2, 2 32
14 7 2, 2 8 25 5 2, 2 24 30 15 2, 2 16 37 5 2, 2 24 41 17 2, 2 32
14 8 2, 2 8 25 8 2, 2 16 30 16 2, 2 16 37 6 2, 0 8 41 18 2, 0 10
15 3 0, 2 4 25 9 2, 2 24 30 17 2, 0 4 37 8 2, 2 28 41 20 2, 2 24
15 7 0, 2 2 25 10 2, 0 8 31 3 0, 2 12 37 9 2, 2 32 41 21 2, 2 28
17 1 2, 2 16 25 12 2, 2 20 31 7 0, 2 10 37 12 2, 2 36 41 25 2, 2 8
17 2 2, 0 6 25 13 2, 2 20 31 11 0, 2 6 37 13 2, 2 28 42 0 2, 2 48
17 4 2, 2 12 26 0 2, 2 24 31 15 0, 2 8 37 14 2, 0 8 42 3 2, 2 32
17 5 2, 2 12 26 3 2, 2 24 31 19 0, 2 4 37 16 2, 2 28 42 4 2, 2 40
17 9 2, 2 8 26 4 2, 2 16 33 0 2, 2 32 37 17 2, 2 20 42 5 2, 0 10
17 10 2, 0 2 26 5 2, 0 10 33 1 2, 2 24 37 20 2, 2 20 42 7 2, 2 32
18 3 2, 2 16 26 7 2, 2 24 33 2 2, 0 8 37 21 2, 2 16 42 8 2, 2 36
18 4 2, 2 12 26 8 2, 2 28 33 4 2, 2 24 37 22 2, 0 4 42 11 2, 2 32
18 5 2, 0 4 26 11 2, 2 24 33 5 2, 2 20 38 0 2, 2 48 42 12 2, 2 40
18 7 2, 2 16 26 12 2, 2 16 33 8 2, 2 24 38 1 2, 0 10 42 13 2, 0 12
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